I* Introduction* Let \p -q\ denote the Euclidean distance from p to q. Various authors [1-3, 7, 12, 14, 16, 17] have studied the problem of placing N points p lf * ,p N on the unit sphere U of m-dimensional Euclidean space E m so that This is very easy to show for 0 < λ ^g 1, but is rather more difficult for 1 < λ < 2. In §2 we develop a method for attacking this second problem. Our main tools are (i) an integral transform introduced by Schoenberg (see [15, pp. 526-527] or [4, pp. 134-136] ) to prove certain metric embedding theorems, and (ii) the concept of uniform power maxima introduced in §2. The results § §3-6 are applications of the theorem of §2 to various special cases. In §3 we determine the maxima and minima for T(p) when the p t are the vertices of a regular m-dimensional octahedron. In §4 we determine the maxima of T(p) when the p t are the vertices of an m-dimensional cube. In §5 we investigate the case where the p t are the vertices of an m-dimesional simplex. We show that if a certain "elementary" inequality is valid, then T(p) is minimal if and only if p -p i for some i. In §6 we determine the minima of T(p) when the p i are the vertices of a regular N-gon and U is the unit circle x 2 + y 2 = 1. The general conclusion we draw from these results is that if the points p i are "reasonably" uniformly distributed on U then Tip) is large or small depending upon whether mini | p i -p | is large or small. It is interesting to contrast this with Theorem 2 of Bjδrck [3, pp. 256-257] . Also, it can be shown that if p is constrained to be in the convex hull H of p lf , p N and 1 ^ λ, then Tip) will be maximal at some p t .
In § 7 we show that a modification of our method can be applied to the problem of minimizing T(p) when λ is negative. This is related to the problem of stability configurations of electrons on a sphere; see [5-6, 8-10, 14, 18] .
2 Uniform power maxima* For vectors g and h in E m , we let (g, h) denote their inner product. DEFINITION . Let p l9 , p N be a set of points on the unit sphere U. We say q 0 e U is a uniform power maximum (minimum) for p lf • , PN if for every positive integer k, the sum
achieves its absolute maximum (minimum) on U when q = q 0 . For example, let U be the unit circle x 2 + y 2 = 1. If p 1 -(1, 0) and p 2 = -p 19 then the points p 1 and p 2 are themselves the uniform power maxima, while the points (0, 1) and (0, -1) are the uniform power minima. In general, uniform power maxima or minima may fail to exist.
If #o is a uniform power maximum, then we easily see that q 0 = p. for some i; let fc-• oo through odd values in (2.1) . Similarly, by letting k -> oo through even values, we see that max* | ip i9 q 0 ) \ must be minimal if q 0 is a uniform power minimum. For example, if N is even and p lf --9 p N are the vertices of a regular iSΓ-gon inscribed in the unit circle U given by x 2 + y 2 = 1, then the only possibilities for uniform power minima are points on U which bisect the arc between adjacent p t .
The only possibilities for uniform power maxima are the p t themselves.
The following result shows how the concepts of uniform power maxima and minima can be used.
THEOREM. Let p lf
, p N have at least one uniform power maximum (minimum). Let pe U. Then
is minimal (maximal) if and only if p is a uniform power maximum (minimum).
Proof. Let pe U. Let g 0 be a uniform power maximum. Then
for all integers k ^ 0. If g and h are arbitrary unit vectors, then
Multiply both sides of (2.5) by t 2k jk\ and sum over all k. This shows that
Note that here and throughout equality holds if and only if p is a uniform power maximum. Since 0 < λ < 2, we can set
By making the change of variable t~-+t/s we see that Before we prove this we need a simple inequality related to power means (for the basic properties of power means see, for example, [11, P. 26] The Ui must all be equal for equality to hold on the left, while for equality to hold on the right one of the u t must equal 1. But since v* = v t for some i, this shows that q is not a uniform power minimum. The result now follows from the theorem. We have no proof that the β t are the uniform power maxima here. If they were, then T(p) would be minimal if and only if p = βi for some i. 
Proof. This follows from Corollary 3 and the theorem. It seems reasonable to conjecture here that T(p) is maximal if and only if p = -7« for some i. But (see the comment towards the end of §6) the -7* are not always uniform power minima.
We digress here to mention that an inductive procedure similar to that used in the proof of Corollary 3 shows that for any pe E N we have
where again the 7< are the vertices of a regular simplex inscribed in U. The famous Selberg inequality [13, pp. 7-8] for pe U.
6* The regular JV-gon* Let the p i9 where 0 5j i ^ JV -1, denote the vertices of a regular N-gon inscribed in the unit circle U given by x 2 + y 2 = 1. We begin by establishing two lemmas; the first is well known, but we include it for the sake of completeness. is maximal for all k if and only if φ = 2ττy/Λί r mod27Γ for some j" with 0 ^ j ^ iV -1. In other words, if and only if p = ^ for some i. The result now follows from the theorem.
Although the author has a proof that T{p) is maximal if and only if p = e~i {2j+1)lN for some integer j, it is is not always true that these points are uniform power minima. The case N -3 and k = 6 provides a counterexample.
Rather more can be proved here by means of certain differential inequalities associated with Sturm-Liouville problems. Namely, T(p) is minimal if and only if p is a vertex, and maximal if and only if p lies half way between two vertices. Moreover, if λ is allowed to increase from 0 to 2N, then every time λ passes through an even integer the points at which T(p) was maximal will become the points at which it is minimal, and vice-versa. The present paper omits this proof. 
